When the Penrose-Goldberg ͑PG͒ superpotential is used to compute the angular momentum of an axial symmetry, the Killing potential Q ͑͒ for that symmetry is needed. Killing potentials used in the PG superpotential must satisfy Penrose's equation. It is proved for the Schwarzschild and Kerr solutions that the Penrose equation does not admit a Q ͑͒ at finite r and therefore the PG superpotential can only be used to compute angular momentum asymptotically.
I. INTRODUCTION
In this work computing angular momentum with the use of Killing potentials is studied for the Schwarzschild and Kerr solutions. Killing potentials are bivectors Q whose divergence yields a Killing vector. Both solutions have explicit rotational Killing symmetries, spherical for Schwarzschild and axial for Kerr, and we have obtained an axial Killing potential Q ͑͒ for both solutions. We expected to use that Q ͑͒ in the Penrose-Goldberg ͑PG͒ superpotential 1 to compute angular momentum in the same way that Q ͑t͒ has been previously used to compute mass 2 and found, to our surprise, that this was not possible.
Killing potentials used in the PG superpotential must satisfy Penrose's equation
;␤ ϭ0 ͑1͒
such that " ␤ Q ␣␤ is a Killing vector. Penrose showed that ten independent Q exist in Minkowski space, but there can be no solutions in a general space-time which has no Killing symmetries. For Penrose's quasi-local mass integral we exhibit, in the following section, a Killing potential for the Kerr spacetime which satisfies ͑1͒ and yields a quasi-local Kerr mass. Unfortunately, one cannot use the PG superpotential to compute quasi-local angular momentum and so this work has a negative result. It is proved for the Schwarzschild and Kerr solutions that the Penrose equation does not admit a Q ͑͒ at finite r and thus the PG superpotential cannot be used to compute angular momentum at finite r. 
II. KILLING POTENTIALS

For Killing vector k
␣ there is an antisymmetric Killing potential Q ␣␤ such that
It is the Killing potential which is the core of the PG superpotential for computing conserved Noether quantities such as mass and angular momentum. The PG superpotential is
where G ␣␤ is the negative right and left dual of the Riemann tensor. In order for where RϭrϪia cos , ⌺ϭRR , ⌬ϭr 2 ϩa 2 Ϫ2mr, and ⌿ϭ1Ϫ2mr/⌺. The Killing potential for k (t) ␣ is
Here M ␣␤ is an anti-self-dual bivector, M * ␣␤ ϭϪiM ␣␤ , given in terms of Newman-Penrose null vectors in Appendix A. One-third the divergence of Eq. ͑4͒ yields the stationary Killing vector
Direct substitution of Q (t) ␣␤ in Eq. ͑1͒ verifies that Q (t) satisfies the Penrose equation. One can now use the stationary Killing potential with the PG superpotential to compute the mass 2 of the Kerr source:
where S 2 is a closed tϭconst, rϭconst two-surface. The result is m for any r beyond the outer event horizon.
An axial Killing potential for the Kerr solution is given by
and one-third the divergence of Q ͑͒ ␣␤ yields the axial Killing vector
When the Kerr rotation parameter is set to zero, one obtains the Schwarzschild results
Neither the Q ͑͒ for Kerr nor the Q ͑͒ for Schwarzschild satisfy the Penrose equation. 4 showed existence of ten independent Killing potentials, one for each Minkowski Killing vector. In Goldberg's generalization 1 to a fully curved metric there is no discussion of the existence of solutions of the Penrose equation at finite r. We know that a solution exists for Q (t) . It is given in Eq. ͑4͒ for the Kerr solution with anti-self-dual components
III. NO AXIAL PENROSE SOLUTION
where
We also know that Penrose obtained asymptotic results for angular momentum J. For axial symmetry k ͑͒ at the conformal boundary he found Jϭ0 for Schwarzschild's solution and Jϭma for Kerr's, so it is reasonable to expect a Q ͑͒ for use in the PG superpotential at finite r.
The argument presented below assumes that Q ͑͒ exists, goes through a long set of equations which are the components of the bivector form of Penrose's equation given in Appendix B, and ends with no possible Q ͑͒ . To integrate the equations it is assumed that Q 0 , Q 1 , and Q 2 are independent of t and , i.e., it is assumed that L Q ͑͒ ϭ0 where ␣ is a Killing vector that commutes with the Kerr
can be written as
Since the Lie and covariant derivatives commute, the nonzero bivector X must satisfy
The Kerr and Schwarzschild solutions do not admit a nonzero X at finite r. We investigate the existence of Q ͑͒ for the Schwarzschild solution since the equations are simpler with the Kerr rotation parameter set to zero but the argument can be extended in a straightforward manner to the Kerr solution. The null tetrad and spin coefficients given in Appendix A are used. Penrose 
with solution Q 0 ϭ f (r) sin , f arbitrary. The two separate solutions require
with solution Q 2 ϭ f (r) sin . The two solutions for Q 2 require
The n ␣ component of ͑B2͒ is
Using Q 2 from ͑19͒ we find
We now have functional forms for Q 0 , Q 1 , and Q 2 . The Q components are further restricted by using the m ␣ component of ͑B2͒:
Using Q 2 from ͑19͒ and Q 1 from ͑21͒ we obtain the equation
No solution is possible unless one chooses c 2 ϭ0. Then Q 1 ϭc 1 r. The Q components are now
Substituting ͑24͒ requires c 0 ϭ0. Comparing ͑24͒ and ͑11͒ one can now see that the only solution possible is the one for Q (t) given above. We have proved that, for the Schwarzschild and Kerr solutions, only the timelike Killing vector k (t) can have a Killing potential that satisfies the Penrose equation at finite r.
IV. NULL INFINITY
We proceed to solve the Penrose equation at the boundary of Schwarzschild space-time. The Schwarzschild solution is given in outgoing null coordinates as
We use the null tetrad
and spin coefficients given in Eq. ͑A2͒ with Kerr rotation parameter aϭ0. The general equations for a conformal map are given in Appendix C. We choose ⍀ϭ1/rϭz. On I ϩ , where zϭ0, the metric is
Here the conformal Bondi frame is
with nonzero spin coefficients
The Penrose equation comprises eight complex equations ͑B2͒-͑B4͒ for Q 0 , Q 1 , and Q 2 . Three establish finite values for the Qs on the boundary:
where D ϭϪ‫ץ‬ z , ⌬ ϭ‫ץ‬ u , and on I 
The solutions are
where k m and c m are complex constants. Here we can go beyond Goldberg 1 and integrate ͑28e͒ since the Schwarzschild null surfaces are shear-free. The asymptotic Killing vectors are . Now lets take the asymptotic solutions found above in ͑29͒ and ͑30͒ and use them to construct a Killing potential Q ͑͒ . Thus our candidate has the form
For the Schwarzschild solution we compute the divergence:
Equating with
The l term in ͑32͒ vanishes when the complex conjugate is added. We have constructed the Killing potential which was already given above as Eq. ͑9͒. The anti-self-dual components are
Of the twelve terms entering the Penrose equation ͑defined in Appendix B͒, four are nonzero for the components of Eq. ͑33͒:
Although Q 2 has the r 2 dependence that one expects for an asymptotic solution and the angular dependence dictated by k ͑͒ , the components of Eq. ͑B2͒, particularly N 2 ϭ0, show directly that this Killing potential fails to satisfy the Penrose equation.
V. CONCLUSION
To find a Killing potential one can write the divergence equation relating k ␣ and Q ␣␤ as a three-form relation, one-third the exterior derivative of dual Q equal to the dual of
and then integrate ͑if possible͒. We have seen that not just any Killing potential can be used in the PG superpotential but only one which satisfies Penrose's equation. Although a Q ͑͒ ␣␤ whose divergence yielded the axial Killing vector was presented for the Kerr solution, it could not be used to compute quasi-local angular momentum although asymptotically it yields ma. It has been shown that a Q ͑͒ ␣␤ cannot be found for either the Kerr or Schwarzschild solutions which will satisfy the Penrose equation in curved space and so the PG superpotential cannot be used to compute quasilocal angular momentum.
Some interesting questions remain. What are the complete integrability conditions for the Penrose equation? What is the physical reason that no quasi-local Killing potential for rotational symmetry can satisfy the Penrose equation?
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APPENDIX A: NULL TETRAD AND BIVECTORS
A Newman-Penrose tetrad (l ␣ ,n ␣ ,m ␣ ,m ␣ ) for the Kerr metric ͑3͒ with l ␣ and n ␣ as principal null vectors is chosen as
where RϭrϪia cos , ⌺ϭRR , and ⌬ϭr 2 ϩa 2 Ϫ2mr. The nonzero spin coefficients and Weyl tensor component are
A basis of anti-self-dual bivectors is given by
, and all others zero. As a basis, they satisfy the completeness relation
␣␤ is the dual tensor. It is useful to list their covariant derivatives:
APPENDIX B: THE PENROSE EQUATION
Equation ͑1͒, which a Killing potential must satisfy in order to be valid for use in the PG superpotential, can be written in terms of anti self-dual bivectors with the definition
Substituting the bivector expansion into ͑1͒ provides equations for the components Q 0 ,Q 1 ,Q 2 , which can be most simply written with the use of twelve terms:
Here Dϭl 
If Q is to be a Killing potential for k , then its divergence must satisfy 
APPENDIX C: THE CONFORMAL PENROSE EQUATION
͑B4͒. ͑C4͒
This result is confirmed by the conformal maps
